Abstract. We study the arithmetic (geometric) progressions in the x-coordinates of quadratic points on smooth projective planar curves defined over a number field k. Unless the curve is hyperelliptic, we prove that these progressions must be finite. We, moreover, show that the arithmetic gonality of the curve determines the infinitude of these progressions in the set of k-points with field of definition of degree at most n, n ≥ 3.
Introduction
Let C be a smooth planar curve defined by a homogeneous polynomial equation F (X, Y, Z) = 0 over a number field k with an algebraic closure k. An arithmetic (geometric) progression on C is a set of k-points on C whose x-coordinates are in arithmetic (geometric) progression over k. If these points are in C(k), the progression is said to be rational; if they lie in the set of quadratic points Γ 2 (C, k), it is said to be quadratic; if the field of definition of each point is of degree ≤ n, n ≥ 3, the progression is called an n-level progression.
Rational progressions on planar algebraic curves of genus g ≥ 1 form the natural analogues of arithmetic and geometric progression sequences on the rational line. Consequently, a tempting question that rises up is whether these progressions on curves can be of infinite length. It turns out that these rational progressions must be finite. This follows as a direct consequence of Faltings' finiteness theorem of rational points on curves of genus at least two. Therefore, research has been directed toward the question of how long such a progression can be on an algebraic planar curve.
The problem of finding consecutive rational solutions to a diophantine equation can be traced back to Mohanty [13] . He studied integral arithmetic progressions on the elliptic curve y 2 = x 3 + k. It was Bremner [5] who initiated the study of Q-rational points in arithmetic progression on elliptic curves. In order to construct elliptic and hyperelliptic curves over Q with long rational arithmetic progressions, several theoretical and computational tools have been employed. The interested reader may refer to [7, 12, 16] . In the same vein rational geometric progressions on elliptic and hyperelliptic curves over Q have been studied. Again, the goal was to construct curves over Q with long rational geometric progressions [3, 6] .
When one considers the set of quadratic points of planar curve, it turns out that these sets might be infinite for certain families of curves. Thus, one may study progressions in these sets in the hope of finding infinite progressions. In this note we tackle the aforementioned problem. For elliptic and hyperelliptic curves, one always finds quadratic progressions of infinite length. However, for other smooth planar curves, we show that despite the infinitude of the set of quadratic points in certain cases, quadratic arithmetic and geometric progressions still resemble rational progressions on smooth planar curves. More precisely, we prove that any quadratic progression on a smooth planar curve, which is neither elliptic nor hyperelliptic, must be finite.
The results of this note can be approached as follows. There are two separate cases that one may examine. If deg F ≥ 5, then our finiteness results follow from earlier work of Abramovich, Harris and Silverman. When deg F = 4, then the problem needs more analysis as one has to show that the arithmetic of smooth planar quartic curves does not allow the existence of infinite quadratic progressions.
Motivated by the existence of infinite quadratic progressions on elliptic and hyperelliptic curves, we establish a connection between the arithmetic gonality of smooth planar algebraic curves and infinite n-level progressions on these curves. More specifically, as long as n is at least of the same size as the arithmetic gonality of the curve and the curve possesses a rational point, it follows that any n-level arithmetic or geometric progression on the curve is guaranteed to be of infinite length. For example, a smooth planar quartic curve C over k can never possess an infinite quadratic progression, yet any n-level progression on C, n ≥ 3, must be infinite due to the fact that C is always trigonal. sity Starting Grant Fund.
Basic Definitions
By k we always mean a number field with a fixed algebraic closure k. A smooth projective plane curve over k is a smooth curve C/k that is k-isomorphic to the zero locus of a homogenous polynomial equation F (X, Y, Z) = 0 with coefficients in k and no singularities over k. We write C(k) to denote the set of k-rational points of C. We write Γ 2 (C, k) for the set of quadratic points of C/k, i.e.,
Definition 2.1 (Progression sequences). Let C : F (X, Y, Z) = 0 be a projective plane curve over k. A sequence P i := (x i , y i , z i ), for i = 1, 2, . . ., of points in C(k) (resp. Γ 2 (C, k)), is called a rational (resp. quadratic) geometric progression sequence on C if x i , y i ∈ k such that {x i | i = 1, 2, . . .} form a geometric progression in the base field k, that is to say there exist t, t ′ ∈ k * with x i = t ′ t i , for i = 1, 2, . . .. Similarly, we may define rational (resp. quadratic) arithmetic progression sequence on C if {x i | i = 1, 2, . . .} form an arithmetic progression in the base field k, that is to say there exist t, t ′ ∈ k * with x i = t ′ + it, for i = 1, 2, . . ..
We can always work affine by setting Y = 1 because the Y -coordinate of a point in a progression sequence is, by definition, rational. We also note that a rational progression sequence on C is by definition a quadratic progression sequence on C. The converse does not need to be true as will be seen later, see Lemma 4.2.
. . , m, be a finite geometric (resp. arithmetic) progression sequence on C. The integer m is called the length of the sequence.
Rational progressions on smooth plane curves
Although experts may be familiar with the results in this section, we prefer to exhibit these results with their proofs in order for the paper to be self-contained.
, be a smooth projective plane curve over a number field k with genus g ≥ 1. Any rational geometric (resp. arithmetic) progression sequence on C must be finite.
Proof. If the genus of C is g ≥ 2, then by Faltings' celebrated result, [8] , the set of rational points C(k) is finite. In particular, any subset of C(k) is finite, hence the result.
We are left with the case when the genus g of the curve C is 1. We consider the following two subcases. (i) There is an infinite rational arithmetic progression (x i , y i , z i ) in C(k), where x i = t ′ + it, i = 1, 2, · · · , and t, t ′ ∈ k: One considers the curve C ′ defined by
This curve has infinitely many rational points (i, y i , z i ), i = 1, 2, · · · . We consider the subsequence of rational points (
, and that there are at least 10 ramification points for the morphism, Riemann-Hurwitz formula implies that the curve C ′ is of genus g ≥ 2 with infinitely many rational points (k, y k 5 , z k 5 ) contradicting the fact that it must have finitely many rational points. (ii) There is an infinite rational geometric progression (
The proof is similar, see [3, Theorem 2].
One may pose the question of the existence of a uniform bound that depends on the degree of F and [k : Q] for the number of elements in a rational geometric (resp. arithmetic) progression sequence on C : F (x, y, z) = 0. Another problem would be providing explicit examples of polynomials F (x, y, z) of a fixed degree d such that C possesses a rational progression of a given length. Furthermore, the finiteness result above motivates us to question the size of quadratic progression sequences on smooth plane curves which is the subject of this note.
Quadratic progressions on smooth plane curves
In contrast to rational progressions on smooth projective curves, quadratic progressions can be infinite. We need first to recall the following definition. Definition 4.1. A smooth projective curve C is called hyperelliptic (resp. bielliptic) over k if there exists a degree two k-morphism from C to the projective line P 1 k (resp. to an elliptic curve E) over k. Lemma 4.2. Given an algebraic curve C defined over k by z 2 = f (x, y) where f is homogeneous with deg(f ) ≥ 2, there exists an infinite quadratic geometric (resp. arithmetic) progression sequence on C.
Proof. We have a canonical 2 − 1 morphism to a projective line P 1 k over k given by (x, 1, z) → (x, 1). Thus, it suffices to consider any geometric (resp. arithmetic) progression x i , for i = 1, 2, . . . over k of infinite length, and it will follow that (x i , 1, f (x i )) is indeed an infinite length progression on C. Lemma 4.2 gives an example of a quadratic geometric (resp. arithmetic) progression sequence, which is not rational, since on hyperelliptic curves rational geometric (resp. arithmetic) progression sequences are of finite length due to Proposition 3.1.
In view of a key result of Abramovich-Harris in [1] and Harris-Silverman in [9] , one knows exactly which curves one has to visit to look for infinite quadratic progression sequences. Theorem 4.3. Let C be a smooth projective curve over k of geometric genus g ≥ 2.
The set Γ 2 (C, k) is an infinite set if and only if C is hyperelliptic over k, or bielliptic over k such that there exists a degree two k-morphism from C to an elliptic curve E of positive rank over k.
As a direct consequence, one obtains the following result. The set Γ 2 (C, k) of quadratic points of a smooth plane quartic curve C may be infinite (cf. [4, Theorems 3.2 and 3.6]). At first sight, one may expect to find a quadratic geometric (resp. arithmetic) progression sequence of infinite length on such curves. In this section, we will show that Γ 2 (C, k) contains no such quadratic progression sequences when C is a smooth plane quartic curve. Theorem 4.5. A quadratic geometric (resp. arithmetic) progression sequence on a smooth plane quartic curve C over a number field k is always of finite length.
Proof. If Γ 2 (C, k) is finite, then the statement is trivial. So we assume that Γ 2 (C, k) is infinite. It follows that either C is hyperelliptic over k or bielliptic over k, see Theorem 4.3. Since a smooth plane quartic curve is never hyperelliptic, [10, Exercise IV.3.2], the curve C is bielliptic over k. In particular, there exists an involution ω ∈ Aut(C × k) having 4 fixed points on C. There is no loss of generality to assume that ω is defined by X → X, Y → Y , Z → −Z (this is true up to PGL 3 (k ′ )-projective equivalence for some finite field extension k ′ /k. So, one may, and will, replace the field k with the extension k ′ by noticing that
. Now, C may be described by an equation of the form
. This is equivalent to saying that there is a k-morphism of degree 2 from C to the elliptic
and E is of positive rank over k. Now, we assume on the contrary that C has an infinite quadratic geometric progression sequence
For a fixed integer s > 1, we consider the subsequence (t ′ t si , 1, z si ), i = 1, 2, · · · . One has the smooth curve C s with the following plane (possibly singular) model
over k with the infinite quadratic geometric progression (t i , 1, z si ). In particular, this gives rise to an infinite tower of smooth curves
Moreover, each of the curves C i admits an infinite quadratic geometric progression, namely, (t i , 1, z 2 n i ) ∈ Γ 2 (C 2 n , k). Therefore, according to Theorem 4.3, each C 2 i , i = 1, 2, · · · , is either hyperelliptic or bielliptic. In what follows we rule out these two possibilities, hence such infinite quadratic progression can never exist.
(i) Assume that C 2 i is hyperelliptic, for some i, i ≥ 1. If we consider the nonconstant morphism C 2 i → C, then our assumption implies that C 2 i admits a k-morphism of degree 2 to the projective line P 1 k , hence C admits a k-morphism of degree ≤ 2 to P 1 k , see statement S(2, 0) in [1, p. 227] . In particular, C has gonality ≤ 2, which contradicts the fact that C is a smooth planar quartic curve. Hence C 2 i is never hyperelliptic.
(ii) Assume that C 2 i is bielliptic for every i ≥ 1. We consider the following diagram
The morphism j 0 : C → E is the k-morphism of degree 2 describing the bielliptic nature of C. The k-morphism j i :
with C 2 i being bielliptic yields that H 2 i is bielliptic itself, this is statement S(2, 1), [1, p. 227] . By Riemann-Hurwitz formula, one knows that the genus of H 2 i is strictly larger than the genus of H 2 i−1 . Thus one reaches a contradiction by noticing that CastelnuovoSeveri inequality prevents a hyperelliptic curve of genus g > 3 from being bielliptic, see for instance [2] . The case of quadratic arithmetic progression sequences can be treated in a similar fashion.
Higher level progressions on smooth plane curves
We recall that the arithmetic gonality, gon(C, k), of an algebraic curve C over k is defined to be the lowest degree of a morphism from C to the projective line. We may generalize Definition 2.1 as follows.
Definition 5.1. Let C be a projective plane curve defined by F (X, Y, Z) = 0 over k. A sequence P i := (x i , y i , z i ), for i = 1, 2, . . ., of points in Γ n (C, k), is called an n-level progression sequence on C if x i , y i ∈ k such that {x i | i = 1, 2, . . .} form a progression in the base field k. Here Γ n (C, k) denotes the set of n-points of C, that is the set of all points on C with field of definition of degree at most n over k. Theorem 5.2. Let C be a smooth plane curve defined by F (X, Y, Z) = 0 over k, where F is of degree d ≥ 4, such that C(k) = ∅. Then C admits an n-level progression of infinite length for any n ≥ gon(C, k).
Proof. Given a smooth plane curve C over a perfect field k, the geometric gonality for C equals d − 1 and every geometric gonal map is a projection from a point on C × k k (cf. [14, 17] ). Consequently, if we further assume that C(k) = ∅, then the arithmetic gonality for C over k is equal to its geometric gonality and so any k-gonal map f : C → P 1 k is a projection from C to the projective line P 1 k centered at a k-point of C (in particular, k-gonal maps are finitely many because C(k) is a finite set due to Faltings' [8] ).
We may assume that the reference point (0 : 0 : 1) belongs to C : F (X, Y, Z) = 0, in particular, C is defined, up to PGL 3 (k)-equivalence, by Z d−1 X + lower order terms in Z over k.
Let (x i , 1), for i = 1, 2, . . ., be any infinite rational progression of P 1 k . Choose, for each i = 1, 2, . . ., a point (x i , 1, z i ) ∈ f −1 (x i , 1). Consequently, the minimal irreducible polynomial Irr zi,k (z) of z i over k divides F (x i , 1, z) in k[z], hence (x i , 1, z i ) is defined over some field extension k i of degree deg(Irr zi,k (z)) ≤ d − 1 over k. This yields an infinite (d − 1)-level progression for C, which was to be shown.
